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Let μ be a complex Borel measure on the unit ball of Cn and α > −1. We characterize the
measures μ for which the Toeplitz operator T αμ is bounded or compact on the Bergman
space L1a(Bn, (1 − |z|2)α dν), where dν is the normalized Lebesgue measure on the unit
ball of Cn . Our results also include the case of more general operators in L1a (Bn,dν). These
results extend to several dimensions the results of Agbor, Békollé and Tchoundja (2011) [2]
and Wu, Zhao and Zorborska (2006) [11].
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1. Introduction
Let n be a positive integer, Bn the unit ball in Cn . Let dν be the normalized Lebesgue volume measure on Bn . For
−1 < α < ∞ and ρ a measure on Bn we deﬁne dρα(z) = (1 − |z|2)α dρ(z). In this paper we will consider the question of
boundedness and compactness of the Toeplitz operator on the Bergman space L1a(dνα) = L1a(Bn,dνα), the closed subspace
of L1(Bn,dνα) consisting of analytic functions. Unlike the case when p > 1 where there exist unbounded symbols for which
the Toeplitz operator is bounded, the case p = 1 produces a new phenomenon. For example, in [15], K. Zhu showed that
a Toeplitz operator T 0
f
= T f with antianalytic symbols is bounded on L1a(dν0) = L1a if and only if f ∈ L∞ ∩ LB, where LB is
the logarithmic Bloch space deﬁned below. At the same time, for p > 1, it is well known that if f is analytic then T f is
bounded on Lpa if and only if f is bounded. We will use ‖ ‖1,α to denote the norm of L1a(dνα) and ‖ ‖1 = ‖ ‖1,0.
For c > 0, we let
K˜ cξ (z) =
d(c)
(1− (z · ξ))n+1+c
where d(c) = Γ (n+1+c)n!Γ (c+1) and (z · ξ) =
∑n
i=1 ziξi . We also let
k˜cξ (z) =
K˜ cξ (z)
‖K˜ cξ‖1
= (1− |ξ |
2)c
(1− (z · ξ))n+1+c .
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(log 2
1−|ξ |2 )
−1
(1−(z·ξ))n+1 , and denote K˜
0
ξ simply by Kξ . Given a complex Borel measure μ on Bn , its weighted
Bergman projection Pαμ is deﬁned by
(Pαμ)(w) =
∫
Bn
dμα(z)
(1− (w · z))n+1+α , w ∈ Bn.
The Toeplitz operator T αμ is densely deﬁned on L
1
a by(
T αμg
)
(w) =
∫
Bn
g(z)
(1− (w · z))n+1+α dμα(z) = Pα(μg)(w),
for g ∈ L∞a and w ∈ Bn . Note that the formula
T αμg = Pα(gμ), g ∈ L∞a
makes sense, and deﬁnes an analytic function on Bn and the operator T αμ is in general unbounded on L
1
a(dνα). For
dμα = f dνα with f ∈ L1, we write T αμ = T αf .
We denote by S the linear subspace
S :=
{
N∑
j=1
λ jk˜
c
ξ j
: λ j ∈ C, ξ j ∈ Bn, N ∈ N
}
(1)
of L∞a . Observe that S is the linear span of the family {k˜cξ : ξ ∈ Bn}.
Our ﬁrst two results show that the boundedness and compactness of an operator A on the Bergman space L1a is de-
termined by the behavior of the operator on the reproducing kernels taken with respect to some weights. That is, the
reproducing kernel thesis holds if the kernels are taken with respect to some weights, see for example [5] for more on the
reproducing kernel thesis.
Theorem 1.1. Let A be a linear operator deﬁned on the subspace S of L∞a , deﬁned above, with values in the space of analytic functions
on Bn and let c > 0. Then the following two assertions are equivalent:
(1) A extends to a bounded operator on L1a ;
(2) a) For every z ∈ Bn, the function ξ → AK˜ cξ (z) is antianalytic on Bn and
b) the following estimate holds
sup
ξ∈Bn
∥∥Ak˜cξ∥∥1 < ∞.
We also present a theorem on compactness for general bounded operators which was ﬁrst presented in [2] for n = 1.
The proof for the case n > 1 is the same as the one-dimensional case. Thus we just give the statement of the result in this
paper.
Theorem 1.2. Let A be a bounded operator on L1a and c > 0. The following two assertions are equivalent:
1. The operator A is compact on L1a ;
2. For every  > 0, there exists R ∈ (0,1) such that∫
R|z|<1
∣∣(Ak˜cζ )(z)∣∣dν(z) < 
for every ζ ∈ Bn.
For a holomorphic function f in Bn we deﬁne the holomorphic gradient of f by
∇ f =
(
∂ f
∂z1
,
∂ f
∂z2
, . . . ,
∂ f
∂zn
)
.
We recall the deﬁnition of the Bloch space, B∞(Bn), to be the space of analytic functions f in Bn for which
‖ f ‖B = sup
(
1− |z|2)∣∣∇ f (z)∣∣< ∞.z∈Bn
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‖ f ‖B∞ =
∣∣ f (0)∣∣+ ‖ f ‖B .
It is well known that the semi-norm ‖ · ‖B is equivalent to
sup
z∈Bn
(
1− |z|2)∣∣R f (z)∣∣
where R f =∑nk=1 zk ∂ f∂zk .
We deﬁne the logarithmic Bloch space, LB, to be the space of analytic functions f on the unit ball such that
‖ f ‖LB = sup
z∈Bn
(
1− |z|2)∣∣∇ f (z)∣∣ log( 2
1− |z|2
)
< ∞.
Correspondingly, the vanishing logarithmic Bloch space, LB0, consists of all analytic functions f such that
lim|z|→1
(
1− |z|2)∣∣∇ f (z)∣∣ log( 2
1− |z|2
)
= 0.
The space of LB and LB0 functions can be deﬁned replacing ∇ by R. Let β(·,·) denote the Bergman metric on Bn × Bn . For
z ∈ Bn and r > 0 we denote by D(z, r) = {w ∈ Bn: β(z,w) < r} the Bergman metric ball.
A positive Borel measure ρ on Bn is said to be a Carleson measure if
sup
z∈Bn
ρ(D(z, r))
να(D(z, r))
 C, r > 0,
and a vanishing Carleson measure if
lim|z|→1
ρ(D(z, r))
να(D(z, r))
= 0, r > 0.
We give a characterization of boundedness of the Toeplitz operator T αμ on L
1
a(dνα), which is an extension of the result
of Wu et al. [11], to several variables. In order to study Tμ on L1a , Wu et al. [11] associate to every Borel measure μ on the
unit disk, , of C the locally integrable function
R(μ)(w) := (1− |w|2)∫

dμ(z)
(z − w)(1− zw)2 . (2)
They say that μ satisﬁes condition (R) if the measure |R(μ)(w)|dλ(w) is a Carleson measure for Bergman spaces, where
dλ is the normalized Lebesgue measure on . They show that, if μ satisﬁes (R), then Tμ is bounded on L1a() if and only
if P (μ) ∈ LB.
We shall extend the operator R(μ) deﬁned in (2) to the unit ball and then extend their result to the unit ball and general
weights dνα .
Theorem 1.3. Let α > −1 and suppose that μ satisﬁes condition (R). Then T α
μ
is bounded on L1a(dνα) if and only if Pαμ belongs to
the logarithmic Bloch space, LB.
Moreover, there exists a constant C such that for every complex Borel measure μ satisfying condition (R), the following estimate
holds: ∥∥Pα(μ)∥∥LB  C(∥∥T αμ∥∥+ Carl(R(μ))),
where Carl(R(μ)) denotes the Carleson constant of the Carleson measure R(μ).
We also extend to the unit ball the compactness result of Wu et al. [11].
Theorem 1.4. Let α > −1 and μ be complex Borel measure on Bn such the R(μ) is a vanishing Carleson measure. Then T αμ is compact
on L1a(dνα) if and only if Pα(μ) ∈ LB0 .
Unlike the case p > 1, for c > 0, Yu [12] showed that the condition ‖Ak˜cξ‖1,α → 0 as |ξ | → 1− is not in general necessary
for the compactness of a bounded operator A on L1a(dνα). In the same paper it is shown that if f is bounded then the above
condition is both necessary and suﬃcient to compactness for bounded Toeplitz operators with symbol f in some weighted
Bergman space L1a(ψ). We give some contribution to this:
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number. Then we have the following:
(1) If α > 0, then T αμ is compact on L
1
a(dνα) if and only if ‖T αμk˜cζ ‖1,α → 0 as ζ → ∂Bn.
(2) Let α = 0 and suppose that Kzμ satisﬁes condition (R) for every z ∈ Bn with the following uniform condition:
∀r ∈ (0,1), sup
z∈rBn
Carl
(
R(Kzμ)
)
< ∞
(in particular if |μ| is a Carleson measure for Bergman spaces). Then Tμ is compact on L1a if and only if ‖Tμk˜cζ ‖1 → 0 as ζ → ∂Bn.
We remark here that when n = 1 the second result (2) in Theorem 1.5 is found in Agbor et al. [2].
In Section 2 we present some preliminaries, in Section 3 we give a proof of Theorem 1.1. The proofs of Theorems 1.3
and 1.4 will be given in Section 4 while in Section 5 we will prove Theorem 1.5.
2. Preliminaries
For w ∈ Bn , the mapping ϕw :Bn → Bn given by
ϕw(z) = w − Pw(z) −
√
(1− |w|2)Q w(z)
1− (z · w)
where Pw(z) = (z·w)|w|2 w is the orthogonal projection from Cn onto the subspace spanned by w and Q w = I − Pw . The
mapping ϕw is an automorphism of Bn such that ϕw(0) = w and ϕ−1w = ϕw . More about the mappings ϕw are described in
Section 2.2 of [7] and Section 1.2 of [13]. The following identities hold:
1− (ϕw(z) · w)= 1− |w|2
1− (z · w) , 1−
∣∣ϕw(z)∣∣2 = (1− |z|2)(1− |w|2)|1− (z · w)|2 . (3)
We will need the following lemma.
Lemma 2.1. For all z,w ∈ Bn we have
(1)
∣∣w − ϕw(z)∣∣2 = (1− |w|2)(|z|2 − |(w · z)|2)|1− (z · w)|2 .
Consequently,
(2)
∣∣w − ϕw(z)∣∣ (1− |w|2)|z||1− (z · w)| ,
and
(3)
∣∣w − ϕw(z)∣∣2  2(1− |w|2)|1− (z · w)| .
Proof. Observe that(
w − ϕw(z)
)(
1− (z · w))= (1− |w|2)Pw(z) +√(1− |w|2)Q w(z).
Since (Pw(z) · Q z(w)) = 0 we have∣∣(1− |w|2)Pw(z) +√(1− |w|2)Q w(z)∣∣2 = (1− |w|2)2∣∣Pw(z)∣∣2 + (1− |w|2)∣∣Q w(z)∣∣2.
Now, using the identities |Q w(z)|2 = |z|2 − |(z·w)|2|w|2 and |Pw(z)|2 = |(z·w)|
2
|w|2 we have(
1− |w|2)2∣∣Pw(z)∣∣2 + (1− |w|2)∣∣Q w(z)∣∣2 = (|z|2 − ∣∣(z · w)∣∣2)(1− |w|2)
which gives (1). The inequality (2) follows from (1) and the fact that |(z · w)| |z||w|. The inequality (3) follows from (1)
and the estimates
|z|2 − ∣∣(z · w)∣∣2  1− ∣∣(z · w)∣∣2 = (1+ ∣∣(z · w)∣∣)(1− ∣∣(z · w)∣∣) 2(1− ∣∣(z · w)∣∣). 
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Theorem 1.12] or [7, Proposition 1.4.10] is always very useful to estimate integral operators whose kernels are powers of the
Bergman kernel. We just state this very useful result. If A > 0 and B > 0 then we will write A ≈ B to denote C1A  B  C2A
for some positive constants C1, C2.
Lemma 2.2. Suppose c is real and t > −1. Then the integrals
Ic(z) =
∫
Sn
dσ(ξ)
|1− (z · ξ)|n+c , z ∈ Bn,
and
Jc,t(z) =
∫
Bn
(1− |w|2)t
|1− (z · w)|n+1+t+c dν(w), z ∈ Bn,
have the following asymptotic properties.
1. If c < 0 then Ic and Jc,t are both bounded in Bn.
2. If c = 0, then
Ic ≈ Jc,t ≈ log 1
1− |z|2 , as |z| → 1
−.
3. If c > 0, then
Ic ≈ Jc,t ≈ 1
(1− |z|2)c , as |z| → 1
−.
We will need the following lemma which can be deduced easily from Proposition 1.14 of [13] and Theorems 1 and 2
of [14].
Lemma 2.3. Let c be any parameter with the property that n+1+ c is not a negative integer. Then there exists a unique linear operator
D0,c = Dc on the space of analytic functions on Bn, H(Bn), with the following properties:
1. Dc is continuous on H(Bn) with respect to the topology of uniform convergence on compact subsets of Bn;
2. Dcz[(1− (z · w))−(n+1)] = (1− (z · w))−(n+1+c) for every w ∈ Bn;
3. Dc is invertible on H(Bn).
Lemma 2.4. For every h ∈ L1a , the function Dch, c > 0, has the following expression
Dch(z) =
∫
Bn
h(w)
(1− (z · w))n+1+c dν(w) (z ∈ Bn).
Moreover, there exists a constant C such that all h ∈ L1a and g ∈ L∞a ,∫
Bn
(
1− |z|2)cDch(z)g(z)dν(z) = C ∫
Bn
h(z)g(z)dν(z).
The proof is the same as that of the one-dimensional case, see [2].
We will need the following:
Proposition 2.5. The linear subspace S of L∞a deﬁned in (1), is a dense subspace of L1a .
Proof. We recall that the Bloch space B is the dual space of L1a with respect to the pairing
〈g,h〉 =
∫
Bn
g(z)h(z)dν(z), g ∈ L∞a , h ∈ B∞.
It suﬃces to show that every Bloch function h satisfying 〈k˜cξ ,h〉 = 0 for every ξ ∈ Bn , vanishes identically. In fact, in this
case,
0= 〈k˜cξ ,h〉= (1− |ξ |2)Dch(ξ)
and hence Dch(ξ) ≡ 0 for every ξ ∈ Bn . This implies that h ≡ 0 on Bn . 
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3.1. Proof of Theorem 1.1
The implication (1) ⇒ (2) b) is clear. Next, we recall that the sequence of monomials{
zm√
m!Γ (n+c+1)
Γ (n+|m|+c+1)
: m ∈ Nn
}
is an orthonormal basis of L2a(d(c)(1 − |z|2)c dν(z)), where d(c) is a normalized constant such that d(c)
∫
Bn
dνc(z) = 1. This
implies
K˜ cξ (z) = d(c)
∑
m∈Nn
ξmzm
m!Γ (n+c+1)
Γ (n+|m|+c+1)
where for ﬁxed ξ ∈ Bn , as a function of z, the series on the right hand side converges in the norm topology of L2a(d(c)(1−|z|2)c dν(z)). We denote by χm the function χm(z) := zm . Since A is a bounded operator we have
AK˜ cξ (z) = d(c)
∑
m∈Nn
ξm
m!Γ (n+c+1)
Γ (n+|m|+c+1)
(Aχm)(z).
In order to obtain (2) a), it is enough to show that the right hand side converges. Indeed, it is easy to see that the modulus
of the right hand side is smaller than
d(c)‖A‖
(1− |z|)2
∑
m∈Nn
|ξm|
m!Γ (n+c+1)
Γ (n+|m|+c+1)
= C
(1− |ξ1| − · · · − |ξn|)n+1 .
This gives (2) a).
Conversely, let us suppose (2). It is easy to see that, for every g in the subspace S ,
Ag(z) = C
∫
Bn
(
Ak˜cξ
)
(z)g(ξ)dν(ξ), z ∈ Bn. (4)
To see this, it suﬃces to show that for all w, z ∈ Bn ,
AK˜ cw(z) = C
∫
Bn
(
Ak˜cξ
)
(z)K˜ cw(ξ)dν(ξ). (5)
The right hand side of this equation is equal to
C
∫
Bn
(
AK˜ cξ
)
(z)K˜ cξ (w)dνc(ξ).
Observe that K˜ cw is the reproducing Kernel for the Bergman space L
1
a(dνc). Thus (5) holds if ξ → AK˜ cξ (z) is analytic and
belongs to the weighted Bergman space L1a(dνc). By assertion (2) a) the function ξ → AK˜ cξ (z) is analytic on Bn , and thus
using the mean value property and the condition (2) b) we see that the function ξ → AK˜ cξ (z) belongs to the weighted
Bergman space L1a(dνc). It follows from (4) that for every g ∈ S ,
‖Ag‖1 
(
C sup
ξ∈Bn
∥∥Ak˜cξ∥∥1)‖g‖1.
Remark 3.1.
(1) We see that the reproducing kernel thesis holds when the reproducing kernel is taken with respect to the weight
(1− |z|2)c , c > 0.
(2) We observe that when c = 0, Theorem 1.1 does not hold true in general. For example, let f be antianalytic, then it is
easily seen that
sup
ξ∈Bn
∥∥T f k˜0ξ∥∥1 < ∞ ⇔ sup
ξ∈Bn
∣∣ f (ξ)∣∣< ∞,
but the latter condition is not suﬃcient for the boundedness of the operator T f by K. Zhu [15].
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z, ξ ∈ Bn ,∣∣∣∣
∫
Bn
(1− |ξ |2)c
(1− (w · ξ))n+1+c
dμ(w)
(1− (z · w))n+1+c
∣∣∣∣ C(1− |z|2)n+1+c
∥∥Tμk˜cξ∥∥1. (6)
In particular, if we take ξ = z in (6), we see that for each ξ ∈ Bn ,∣∣∣∣
∫
Bn
(1− |ξ |2)n+1+2c
|1− (w · ξ)|2(n+1+c) dμ(w)
∣∣∣∣ C sup
ξ∈Bn
∥∥Tμk˜cξ∥∥1.
Thus for positive measures, Theorem 2.25 of [13] shows that our necessary condition (2) b) implies μ is a Carleson
measure for Bergman spaces.
(4) Instead of the operator D0,c , if we consider the invertible operator Dα,c , for α > −1, c > 0 (see pp. 18–19 of [13]),
we observe that the linear space S is dense in L1a(dνα). Thus using the same method as in the prove of Theorem 1.1
we can easily show that if α > 0, then the linear operator A extends to a bounded operator on L1a(dνα) if and only if
supξ∈Bn ‖Ak˜cξ‖1,α < ∞ and the function ξ → AK˜ cξ (z) is antianalytic on Bn .
4. Characterizations via the logarithmic Bloch spaces
For β > 0 and α > −1, deﬁne the function
Pβ,α(μ)(ξ) = Pβ−1,α(μ)(ξ) + 1
n+ β R
(
Pβ−1,α(μ)
)
(ξ) =
∫
Bn
(1− |z|2)α dμ(z)
(1− (ξ · z))n+1+β . (7)
In the case β = α, we write Pα instead of Pα,α and we have that Pα(μ)(z) = T αμ(1)(z), where 1 stands for the constant
function.
Let k ∈ (0,∞) and let
τk(w, z) := 1B(n,k)
n−1∑
p=0
(
n− 1
p
)
(−1)p
k + p
(
1− ∣∣ϕw(z)∣∣2)p,
where B(n,k) = Γ (n)Γ (k)
Γ (n+k) . For α > −1 we associate to every complex Borel measure μ on Bn the locally integrable function
Riα,k(μ), i = 1,2, . . . ,n, deﬁned on Bn by
Riα,k(μ)(w) :=
(
1− |w|2)k−α∫
Bn
(wi − zi)(1− (w · z))n−1
|w − z|2n(1− (z · w))k+1 τk+1(w, z)dμα(z), w ∈ Bn.
We say that μ satisﬁes condition (R) if the measure |Riα,k(μ)(w)|dνα(w), i = 1,2, . . . ,n, is a Carleson measure for the
Bergman space L1a(dνα).
Remark 4.1. When n = 1, α = 0 and k = 1 then the function R10,1(μ) is given by (2) which was introduced in [11].
Lemma 4.2. Let α  0 and k α. Suppose thatμ is a complex measure on Bn such that |μ| is a Carleson measure for Bergman spaces,
Lpa (dν). Then μ satisﬁes the condition (R) and hence
R(μ)(w) =
n∑
i=1
∣∣Riα,k(μ)(w)∣∣dνα(w) (8)
is a Carleson measure for Bergman spaces Lpa (dνα), p > 0.
Proof. We ﬁx r > 0. The question is to prove that if d|μ|α is a Carleson measure for Bergman spaces then
sup
ξ∈Bn
1
να(D(ξ, r))
∫
D(ξ,r)
∣∣Riα,k(μ)(w)∣∣(1− |w|2)α dν(w) < ∞, i = 1,2, . . . ,n. (9)
Observe that, if we let z = ϕw(a) in assertion (2) of Lemma 2.1 we have
|a− w| ∣∣1− (a · w)∣∣∣∣ϕw(a)∣∣.
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1
να(D(ξ, r))
∫
D(ξ,r)
∣∣Riα,k(μ)(w)∣∣(1− |w|2)α dν(w)
= 1
να(D(ξ, r))
∫
D(ξ,r)
∣∣∣∣(1− |w|2)k
∫
Bn
(wi − zi)(1− (z · w))n−1τk+1(w, z)
|w − z|2n(1− (w · z))1+k dμα(z)
∣∣∣∣dν(w)
 C(1− |ξ |
2)k
να(D(ξ, r))
( ∫
D(ξ,3r)
+
∫
Bn\D(ξ,3r)
) ∫
D(ξ,r)
1
|1− (z · w)|n+1+k|ϕz(w)|2n−1 dν(w)d|μ|α(z)
= I + J .
Now if z ∈ D(ξ,3r) and w ∈ D(ξ, r), we know, see for example [13], that να(D(ξ, r)) ≈ (1− |ξ |2)n+1+α ≈ (1− |z|2)n+1+α ≈
να(D(z, r)) and that |1− (z · w)| ≈ (1− |ξ |2) ≈ (1− |w|2) and we have D(ξ, r) ⊂ D(z,4r). Thus
I  C(1− |ξ |
2)k
(1− |ξ |2)2n+2+α+k
∫
D(ξ,3r)
∫
D(z,4r)
1
|ϕz(w)|2n−1 dν(w)d|μ|α(z)
= C
(1− |ξ |2)2n+2+α
∫
D(ξ,3r)
{ ∫
D(0,4r)
1
|w|2n−1
∣∣ Jϕz (w)∣∣2 dν(w)
}
d|μ|α(z)
 Cr
(1− |ξ |2)n+1+α
∫
D(ξ,3r)
∫
D(0,4r)
1
|w|2n−1 dν(w)d|μ|α(z)
 C |μ|α(D(ξ,3r))
(1− |ξ |2)n+1+α < ∞,
where we have made the change of variable w = ϕz(a) to get the ﬁrst equality.
Also, if z /∈ D(ξ,3r) and w ∈ D(ξ, r), we have β(z,w) 2r. This implies |ϕz(w)| e4r−1e4r+1 > 0. This and the fact that |μ|
is a Carleson measure imply
J = C(1− |ξ |
2)k
να(D(ξ, r))
∫
Bn/D(ξ,3r)
∫
D(ξ,r)
1
|1− (z · w)|n+1+k|ϕz(w)|2n−1 dν(w)d|μ|α(z)
 C(1− |ξ |
2)k
να(D(ξ, r))
∫
Bn/D(ξ,3r)
∫
D(ξ,r)
1
|1− (z · w)|n+1+k dν(w)d|μ|α(z)
 Cr(1− |ξ |
2)kC(|μ|)
να(D(ξ, r))
∫
D(ξ,r)
∫
Bn
1
|1− (z · w)|n+1+k−α dν(z)dν(w)
 C
′
rC(|μ|)
να(D(ξ, r))
∫
D(ξ,r)
dνα(w) < ∞.
This shows that (9) holds for every i = 1,2, . . . ,n. 
We remark that for the case when α ∈ (−1,0) and k > 0 Lemma 4.2 holds if the measure μ is such that (1 −
|z|2)α d|μ|(z) = d|μ|α(z), z ∈ Bn , is a Carleson measure for Bergman spaces, Lpa (dν).
We introduce the standard volume form on Cn ,
dν(ξ) =
(
1
2iπ
)n n∧
i=1
(dξi ∧ dξi), (10)
where
n∧
(dξi ∧ dξ) = (dξ1 ∧ dξ1) ∧ (dξ2 ∧ dξ2) ∧ · · · ∧ (dξn ∧ dξn).i=1
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∂u(ξ) :=
n∑
i=1
∂u
∂ξi
dξi,
where
∂
∂ξi
≡ 1
2
(
∂
∂xi
+ i ∂
∂ yi
)
, ξi = xi + iyi, i = 1,2, . . . ,n,
and
∂
∂ξi
≡ 1
2
(
∂
∂xi
− i ∂
∂ yi
)
, ξi = xi + iyi, i = 1,2, . . . ,n.
We recall that if u ∈ C1(B1), and z ∈ B1, the unit disk of C, then
u(z) = Pk−1u(z) + 12iπ
∫
B1
∂u
∂ξ
(ξ)
(1− |ξ |2)k
(z − ξ)(1− ξ z)k+1 dξ ∧ dξ,
where k ∈ (0,∞). We note that the second integral is zero if u is analytic on . The extension of the above formula to the
unit ball in Cn is given by P. Charpentier [3], and is as follows. If u ∈ C1(Bn), k > 0 and z ∈ Bn then
u(z) = Pk−1u(z) +
∫
Bn
∂u(ξ) ∧ Ck(ξ, z), (11)
where
Ck(ξ, z) = Ψk(ξ, z)C0(ξ, z),
and
Ψk(ξ, z) =
(
1− |ξ |2
1− (z · ξ)
)k
τk(ξ, z),
C0(ξ, z) = d(n) (1− (ξ · z))
n−1
|ξ − z|2n
{
n∑
i=1
(−1)i−1(ξi − zi)
∧
j =i
dξ j
}
n∧
i=1
dξi,
with d(n) = −(−1)n(n−1)/2 (n−1)!
(2iπ)n , and∧
j =i
dξ j = dξ1 ∧ dξ2 ∧ · · · ∧ dξi−1 ∧ dξi+1 ∧ · · · ∧ dξn.
An easy computation shows that there is a constant C = C(n) such that∫
Bn
∂u(ξ) ∧ Ck(ξ, z) = −C
n∑
i=1
∫
Bn
∂u
∂ξi
(ξ)(ξi − zi)Ψk(ξ, z) (1− (ξ · z))
n−1
|ξ − z|2n dν(ξ), (12)
for u ∈ C1(Bn) and k ∈ (0,∞).
Lemma 4.3. Let h ∈ L∞a , g ∈ B∞ and k ∈ (0,∞). Then there exists a constant, C = C(n), such that
(I − Pk−1)(gh)(z) = −C
n∑
i=1
∫
Bn
h(ξ)
∂ g
∂ξi
(ξ)(ξi − zi)Ψk(ξ, z) (1− (ξ · z))
n−1
|ξ − z|2n dν(ξ), z ∈ Bn.
Proof. Let r ∈ (0,1) and z ∈ Bn . Set gr(z) = g(rz) and hr(z) = h(rz). Then the function u = grhr is in C1(Bn) and thus by (11)
(I − Pk−1)u(z) =
∫
Bn
∂u ∧ Ck(ξ, z).
Now since h is analytic we see that
∂u = ∂(grhr) = hr∂(gr),
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(I − Pk−1)(grhr)(z) = −C
n∑
i=1
∫
Bn
h(rξ)r
∂ g
∂ξi
(rξ)(ξi − zi)Ψk(ξ, z) (1− (ξ · z))
n−1
|ξ − z|2n dν(ξ). (13)
Now since
∣∣Ψk(ξ, z)∣∣ Cn (1− |ξ |2)k|1− (ξ · z)|k
we have that∣∣∣∣h(rξ)r ∂ g
∂ξi
(rξ)(ξi − zi)Ψk(ξ, z) (1− (ξ · z))
n−1
|ξ − z|2n
∣∣∣∣ C‖g‖B∞‖h‖∞ (1− |ξ |2)k−1|1− (ξ · z)|n−1−k|ξ − z|2n−1 .
Now the latter function is integrable with respect to dν(ξ) for each z ∈ Bn . Thus dominated convergence gives the conver-
gence of the right hand side of (13). For the left hand side, we note that grhr → gh pointwise and also in L2 and hence in
L2(Bn,dνk−1), so Pk−1(grhr) → Pk−1(gh) in L2(Bn,dνk−1) as r → 1− . That is,
(I − Pk−1)grhr(z) → (I − Pk−1)gh(z), as r → 1, for each z ∈ Bn. 
4.1. Proof of Theorem 1.3
By the duality between B∞ and L1a(dνα) the result follows from Theorem 4.4 below which is an extension of Theorem 2.1
of [11] to the unit ball of Cn with general weight.
Theorem 4.4. Let α > −1. Suppose μ is a complex measure which satisﬁes the condition (R). Then T αμ is bounded on B∞ if and only
if Pα(μ) ∈ LB.
Moreover, there exists a positive constant C such that for every complex Borel measure μ satisfying the condition (R), the following
estimate holds:∥∥Pα(μ)∥∥LB  C(∥∥T αμ∥∥+ C ′ Carl(R(μ))), (14)
where Carl(R(μ)) denotes the Carleson measure constant for the measure R(μ) deﬁned in (8).
Proof. It is well known that (L1a(dνα))
∗ = B∞ under the usual pairing
〈h, g〉α =
∫
Bn
h(z)g(z)dνα(z), g ∈ B∞, h ∈ L1a(dνα).
Let k = α + 1. Then by Fubini’s Theorem
〈
h, T αμg
〉
α
=
∫
Bn
h(z)g(z)dμα(z)
=
∫
Bn
(I − Pα+1)(gh)(z)dμα(z) +
∫
Bn
Pα+1(gh)(z)dμα(z)
=
〈
h, Pα
(
C(n)
n∑
i=1
∂ g(ξ)
∂ξi
(
1− |ξ |2)Riα,α+1(μ)
)〉
α
+ 〈h, Pα(g(1− |ξ |2)Pα+1,α(μ))〉α, (15)
where Pα+1,α is given by (7) and we have used Lemma 4.3 and Fubini’s Theorem respectively to get the ﬁrst and second
terms in the last equality. Thus, for g ∈ B∞ we have
T αμg = Pα
(
C(n)
n∑
i=1
∂ g(ξ)
∂ξi
(
1− |ξ |2)Riα,α+1(μ)
)
+ Pα
(
g
(
1− |ξ |2)Pα+1,α(μ)). (16)
If μ satisﬁes (R) then for all h ∈ L1a(dνα), we can easily see that∣∣∣∣∣
〈
h, Pα
(
C(n)
n∑ ∂ g(ξ)
∂ξi
(ξ)
(
1− |ξ |2)Riα,k(μ)
)〉 ∣∣∣∣∣ C ′(n)Carl(R(μ))‖g‖B∞‖h‖1,α. (17)
i=1 α
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L(g) := Pα
(
g
(
1− |ξ |2)Pα+1,α(μ)), g ∈ L∞a .
Then (17) shows that T αμ is bounded on B
∞ if and only if the operator L extends to a bounded operator on B∞ . Thus the
proof will be completed if we show that Pα(μ) ∈ LB if and only if the operator L extends to a bounded operator on B∞ .
Now if Pα(μ) = Pα,α(μ) ∈ LB then (7) shows that
Pα+1,α(μ)(ξ)
(
1− |ξ |2) log 2
1− |ξ |2 ∈ L
∞.
Since g ∈ B∞ we have that
g(ξ)
(
1− |ξ |2)Pα+1,α(μ)(ξ) ∈ L∞, (18)
and hence L(g) := Pα(g(1− |ξ |2)Pα+1,α(μ)) ∈ B∞ .
Conversely, if L(g) ∈ B∞ , then (18) holds and there exists a constant C > 0 independent of g ∈ B∞ , such that(
1− |ξ |2)∣∣g(ξ)Pα+1,α(μ)(ξ)∣∣ C‖g‖B∞ . (19)
Using ga(w) = log 2(1−(w·a)) , a ∈ Bn , we get
Pα+1,α(μ)(ξ)
(
1− |ξ |2) log 2
1− |ξ |2 ∈ L
∞, (20)
since ‖ga‖B∞ is uniformly bounded. Now the boundedness of T αμ on B∞ , implies Pα(μ) ∈ B∞ and thus (1 −
|ξ |2) log 2
1−|ξ |2 |Pα(μ)(ξ)| C‖Pα(μ)‖B∞ < ∞, that is(
1− |ξ |2) log 2
1− |ξ |2 Pα(μ)(ξ) ∈ L
∞.
Eqs. (7) and (20) show that (1− |ξ |2) log 2
1−|ξ |2 |R(Pα(μ))(ξ)| ∈ L∞ , that is, Pα(μ) ∈ LB.
To get the estimate (14), we observe that, for every g ∈ B∞ , with ‖g‖B∞ = 1, we have∥∥Pα(μ)∥∥LB  C ′′ sup
a∈Bn
∥∥L(ga)∥∥B∞
 C ′ sup
a∈Bn
{∥∥T αμga∥∥B∞ + C(n)Carl(R(μ))‖ga‖B∞}
 C
(∥∥T αμ∥∥+ C(n)Carl(R(μ))). 
Corollary 4.5. Let μ be a positive measure on Bn. Then the following two assertions are equivalent:
(i) The Toeplitz operator Tμ is bounded on L1a ;
(ii) μ is a Carleson measure for Bergman spaces and P (μ) ∈ LB.
This is the result of Wang and Liu [10], but we have a different proof which is the same as the one-dimensional case,
given by Theorem 2.13 of [2]. We also have the following corollary whose proof is the same as in the one-dimensional case,
see [2].
Corollary 4.6. Suppose that μ is a complex Borel measure on Bn such that Tμ is bounded on L1a(dνα). Then for every z ∈ Bn, the
Toeplitz operator T αKzμ is bounded on the Bloch space B
∞ .
We suppose further that the measure Kzμ satisﬁes condition (R) for every z ∈ Bn with the following uniform condition:
∀r ∈ (0,1), sup
z∈rBn
Carl
(
R(Kzμ)
)
< ∞.
Then for every r ∈ (0,1), there exists a constant C = C(r) such that
sup
z∈rBn
∥∥Pα(Kzμ)∥∥LB  C(∥∥T αμ∥∥+ sup
z∈rBn
Carl
(
R(Kzμ)
))
,
where Carl(R(Kzμ)) denotes the Carleson constant of the Carleson measure R(Kzμ) given by (8).
By Lemma 4.2, if α  0 then Corollary 4.6 holds whenever |μ| is a Carleson measure for Bergman spaces, Lpa (dν). Also,
if α ∈ (−1,0) then Corollary 4.6 holds if (1− |z|)α d|μ|(z) is a Carleson measure for the Bergman spaces, Lpa (dν).
We will end this section by proving Theorem 1.4. By Schauder’s Theorem (Theorem 3.4, p. 174 of [4]), if Tμ is bounded
on B∞ , then Tμ is compact on B∞ if and only if T ∗μ = Tμ is compact on B∞ = (L1a(dνα))∗ . Thus, to prove Theorem 1.4 it
suﬃces to prove the following theorem.
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∞ , then
T αμ is compact on B
∞ if and only if Pα(μ) ∈ LB0 .
To prove Theorem 4.7 we will need the following lemma, which is Lemma 4.1 of [10].
Lemma 4.8. Suppose T is a bounded linear operator on B∞ . Then T is compact on B∞ if and only if ‖T gm‖B∞ → 0 whenever {gm} is
a bounded sequence in B∞ that converges to 0 uniformly on compact subsets of Bn.
4.2. Proof of Theorem 1.4
Let {gm} be a sequence in B∞ such that ‖gm‖B∞  1 and gm → 0 uniformly on compact subsets of Bn . Let h ∈ L1a(dνα).
Then, by the duality (L1a(dνα))
∗ = B∞ , we have
〈
h, T αμgm
〉
α
=
∫
Bn
Pk(gmh)(z)dμα(z) +
∫
Bn
(I − Pk)(gmh)(z)dμα(z)
= I1,m + I2,m. (21)
Let k = α + 1. By (15), we have
I2,m = C(n)
n∑
i=1
∫
Bn
h(ξ)
∂ gm
∂ξi
(ξ)
(
1− |ξ |2)Riα,α+1(μ)(ξ)dνα(ξ).
Set dρ(ξ) =∑ni=1 |Riα,α+1(μ)(ξ)|dνα(ξ). Since h(ξ)∇gm(ξ) is analytic we have
|I2,m| C ′(n)
∫
Bn
∣∣h(ξ)∇gm(ξ)∣∣(1− |ξ |2)dρ(ξ)
 C ′(n)
∫
Bn
(
1
να(D(ξ, r))
∫
D(ξ,r)
∣∣h(z)∇gm(z)∣∣(1− |z|2)dνα(z)
)
dρ(ξ)
 C ′(n)
∫
Bn
( ∫
D(ξ,r)
(1− |z|2)n+1+α
|1− (z · ξ)|2(n+1+α)
∣∣h(z)∇gm(z)∣∣(1− |z|2)dνα(z)
)
dρ(ξ)
 C
( ∫
Bn\δBn
+
∫
δBn
)( ∫
Bn
(1− |z|2)n+1+α
|1− (z · ξ)|2(n+1+α) dρ(ξ)
)∣∣h(z)∣∣∣∣∇gm(z)∣∣(1− |z|2)dνα(z)
= M1 + M2,
where δ ∈ (0,1). Since the measure ρ is a vanishing Carleson measure, given  > 0 we can choose δ ∈ (0,1) such that
M1  ‖gm‖B∞
∫
Bn/δBn
( ∫
Bn
(1− |z|2)n+1+α
|1− (z · ξ)|2(n+1+α) dρ(ξ)
)∣∣h(z)∣∣dνα(z) C‖h‖1,α.
We ﬁx δ. Since gm → 0 uniformly on compact subsets, then there exists a positive integer N such that for all m > N we
have that |∇gm(z)|(1− |z|2) <  , z ∈ δBn , and thus
M1  
∫
δBn
( ∫
Bn
(1− |z|2)n+1+α
|1− (z · ξ)|2(n+1+α) dρ(ξ)
)∣∣h(z)∣∣dνα(z) C(δ)ρ(Bn)‖h‖1,α.
Thus, given  > 0, there exists a positive integer N such that for all m > N we have that |I2,m| < C‖h‖1,α , where the
constant C does not depend on h, and so
lim
m→∞ sup‖h‖1,α1
|I2,m| = 0.
Thus, T αμ is compact on B
∞ if and only if
lim
m→∞ sup‖h‖ 1
|I1,m| = 0.
1,α
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I1,m =
∫
Bn
h(ξ)gm(ξ)Pα+1,α(μ)(ξ)dνα+1(ξ)
=
( ∫
Bn/δBn
+
∫
δBn
)
h(ξ)gm(ξ)Pα+1,α(μ)(ξ)dνα+1(ξ) = M1,m + M2,m,
where Pα+1,α satisﬁes (7). If Pα(μ) ∈ LB0 then as |ξ | → 1, Pα+1,α satisﬁes
Pα+1,α(μ)(ξ)
(
1− |ξ |2) log 2
1− |ξ |2 → 0.
We may choose δ suﬃciently close to 1 such that whenever ξ ∈ Bn \ δBn ,∣∣Pα+1,α(μ)(ξ)∣∣(1− |ξ |2) log 2
1− |ξ |2 < .
Thus, |M1,m|  ‖h‖1,α‖gm‖B∞  C , where C does not depend on h. Also since gm → 0 uniformly on compact subsets
of Bn , we can choose m big enough so that |gm(ξ)| <  , for ξ ∈ δBn . Thus, there exists some N such that |M2,m| < C‖h‖1,α
whenever m > N , where the constant C does not depend on h. Therefore sup‖h‖1,α1 |I1,m| → 0 as m → ∞, and so T αμ is
compact on L1a(dνα).
Conversely, suppose T αμ is compact on B
∞ . Then sup‖h‖1,α1 |I1,m| → 0 as m → ∞ for any sequence gm in B∞ such that
‖gm‖B∞  1 and gm → 0 uniformly on compact subsets of Bn . Now let hw(ξ) = (1−|w|2)(1−(ξ ·w))n+2+α . Then ‖hw‖1,α  C and we
have
0= lim
m→∞|I1,m|
= lim
m→∞
(
1− |w|2)∣∣gm(w)∣∣∣∣Pα+1,α(μ)(w)∣∣.
Taking ga(w) = log 2(1−(w·a)) , a ∈ Bn , we see that Pα(μ) ∈ LB0.
5. Proof of Theorem 1.5
Before we prove Theorem 1.5 we will present some useful concepts and results that will enable us establish the proof.
Let φ, ψ be positive and continuous functions on [0,1) with
lim
r→1φ(r) = 0 and
1∫
0
ψ(r)dr < ∞.
Let H(Bn) denote the space of analytic functions on the unit ball in Cn . We deﬁne the following spaces of analytic
functions:
A∞(φ) =
{
f ∈ H(Bn): ‖ f ‖φ = sup
z∈Bn
∣∣ f (z)∣∣φ(|z|)= sup
0r<1
M∞( f , r)φ(r) < ∞
}
,
A0(φ) =
{
f ∈ H(Bn): sup
0r<1
M∞( f , r)φ(r) = 0
}
,
L1a(ψ) =
{
f ∈ H(Bn): ‖ f ‖ψ =
∫
Bn
∣∣ f (z)∣∣ψ(|z|)dν(z) = 2n
1∫
0
r2n−1M1( f , r)ψ(r)dr < ∞
}
.
Here,
M∞( f , r) =max|z|=r
∣∣ f (z)∣∣ and M1( f , r) =
∫
Sn
∣∣ f (rξ)∣∣dσ(ξ).
Clearly A0(φ) ⊂ A∞(φ) so we may use the norm ‖ f ‖φ on A0(φ). We thus endow A0(φ) with the A∞(φ) norm. These three
spaces are all normed linear spaces with the indicated norms. If L1ψ(Bn) = L1(ψ) denotes the Banach space of measurable
functions f such that ‖ f ‖ψ =
∫
Bn
| f |dνψ < ∞, where dνψ(z) = ψ(|z|)dν(z) then L1a(ψ) is the closed subspace of L1(ψ)
consisting of all analytic functions.
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φ(r)
(1− r2)a ↘ 0 and
φ(r)
(1− r2)b ↗ ∞
(
r0  r → 1−
)
. (22)
The pair of functions {φ,ψ} is called a normal pair if φ is normal, ψ is integrable on (0,1), and if for some b satisfying (22),
there exists δ > b − 1 such that
φ(r)ψ(r) = (1− r2)δ, 0 r < 1. (23)
Let {φ,ψ} be a normal pair. We shall use the following pairing between A∞(φ) and L1a(ψ):
[ f , g] =
∫
Bn
f (z)g(z)φ
(|z|)ψ(|z|)dν(z), f ∈ A∞(φ), g ∈ L1a(ψ). (24)
Using this duality pairing, Shields and Williams [8] showed that A0(φ)∗ ∼= L1a(ψ), and (L1a(ψ))∗ ∼= A∞(φ), for the case n = 1
and the extension to the case n > 1 is given in [1]. We state here an extension of T. Yu’s result [12], which is proved in [1].
Theorem 5.1. Suppose that A is a bounded operator on L1a(ψ) and let A
 denote the adjoint of A with respect to the pairing [ , ]
deﬁned in (24). Then A is compact and A0(φ) is an invariant subspace of A if and only if ‖Ak˜ψw‖ψ → 0 as w → ∂Bn, where
k˜ψw(z) = K˜
δ
w(z)
‖K˜ δw‖ψ
,
and ψ(|z|)φ(|z|) = (1− |z|2)δ .
We shall also need the inner product formula in L2a(Bn) given in [9, Section 4.2].
Lemma 5.2. Let F ,G ∈ L2a(Bn). Then there exist constants a1 , a2 and a3 such that
〈F ,G〉 = a1
∫
Bn
∇ F (z)∇G(z)(1− |z|2)2 dν(z) + a2
∫
Bn
∇ F (z)∇G(z)(1− |z|2)3 dν(z)
+ a3
∫
Bn
F (z)G(z)
(
1− |z|2)2 dν(z).
Proof of Theorem 1.5. Let α  0, c > 0 and take ψ(r) = (1 − r2)α , φ(r) = (1 − r2)c . Then by Theorem 5.1 it suﬃces to
prove that A0(φ) is an invariant subspace of the adjoint operator T μ,α of T
α
μ with respect to the duality pairing [ , ] deﬁned
in (24). We just suppose T αμ is bounded on L
1
a(dνα). Then T

μ,α is bounded on A∞(φ). Now, the weighted Bergman kernel
K˜ cξ (z) = d(c)(1−(z·ξ))n+1+c reproduces A∞(ϕ) functions in the sense that for every h ∈ A∞(φ),
h(ξ) = [h, K˜ cξ ] (ξ ∈ Bn).
Thus, for every h ∈ A∞(φ) and for every ξ ∈ Bn , we obtain,
T μ,αh(ξ) =
[
T μ,αh, K˜
c
ξ
]= [h, T αμ K˜ cξ ]
= d(c)
∫
Bn
( ∫
Bn
K˜αw(z)
(1− (w · ξ))n+1+c dμα(w)
)
h(z)
(
1− |z|2)c+α dν(z).
We need to show that if h ∈ A0(φ) then T μ,αh ∈ A0(φ). We ﬁx  > 0 arbitrary and let h ∈ A0(φ). Then there exists r =
r() ∈ (0,1) such that(
1− |z|2)c∣∣h(z)∣∣<  whenever r < |z| < 1. (25)
We write
1
d(c)
T μ,αh(ξ)
(
1− |ξ |2)c = I + II
where
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∫
r|z|<1
( ∫
Bn
K˜αw(z)(1− |ξ |2)c
(1− (w · ξ))n+1+c dμα(w)
)
h(z)
(
1− |z|2)c+α dν(z)
=
∫
r|z|<1
T αμk˜
c
ξ (z)h(z)
(
1− |z|2)c+α dν(z)
and
II =
∫
|z|<r
( ∫
Bn
K˜αw(z)(1− |ξ |2)c
(1− (w · ξ))n+1+c dμα(w)
)
h(z)
(
1− |z|2)c+α dν(z)
= C
∫
|z|<r
(
1− |ξ |2)c 〈T αμ K˜αz , K˜ cξ 〉αh(z)(1− |z|2)c+α dν(z). (26)
By (25), given  > 0, there exists r ∈ (0,1) such that for all α  0,
|I|
∫
r|z|<1
∣∣T αμk˜cξ (z)∣∣∣∣h(z)∣∣(1− |z|2)c dνα(z) C, (27)
where C = supξ∈Bn ‖T αμk˜cξ‖1,α < ∞, since T αμ is bounded on L1a(dνα). Now the proof will be completed if we show that for
the same r, |II| → 0 as |ξ | → 1− . To do this we will consider the case when α > 0 and when α = 0 separately.
Now, suppose α > 0. If |z| < r then K˜αz ∈ B∞ with uniformly bounded norms and, since T αμ is bounded on B∞ , we have
∣∣〈T αμ K˜αz , K˜ cξ 〉α∣∣ C∥∥T αμ∥∥
⎧⎪⎨
⎪⎩
1 if α > c,
1
(1−|ξ |2)c−α if c > α,
log( 2
(1−|ξ |2) ) if c = α.
This implies there is some δ > 0 such that
|II| C(1− |ξ |2)δ‖h‖φ,
which gives the desired result for the case α > 0.
Suppose α = 0. By Lemma 5.2 there exist constants ci , i = 1,2,3, such that
〈
TμKz, K˜
c
ξ
〉= c1
∫
Bn
(
1− |w|2)2TμKz(w)K˜ cξ (w)dν(w) + c2
∫
Bn
(
1− |w|2)2(∇TμKz)(w)∇ K˜ cξ (w)dν(w)
+ c3
∫
Bn
(
1− |w|2)3(∇TμKz)(w)∇ K˜ cξ (w)dν(w) = J1 + J2 + J3.
Now, since Tμ is bounded on L1a , Corollary 4.6 implies that there exists a constant C(r) such that
sup
|z|<r
∥∥P (Kzμ)∥∥LB  C(r)(‖Tμ‖ + sup
z∈rBn
Carl
(
R(Kzμ)
))
.
Set
S(μ) = ‖Tμ‖ + sup
z∈rBn
Carl
(
R(Kzμ)
)
.
So we have
| J1| C
∥∥P (Kzμ)∥∥B∞
{∫
Bn
(1− |w|2)2β(0,w)
|1− (w · ξ)|n+1+c dν(w) +
∫
Bn
(1− |w|2)2
|1− (w · ξ)|n+1+c dν(w)
}
.
It is well known that for every ν > 0, there exists a constant C(ν) such that
β(0,w) C(ν)
2 ν
,
(1− |w| )
D. Agbor / J. Math. Anal. Appl. 388 (2012) 344–360 359for every w ∈ Bn . We use this and the fact that ‖g‖B∞  ‖g‖LBlog2 for every g ∈ B∞ , together with application of Lemma 2.2 to
get
| J1| C(r, ν)S(μ)
⎧⎪⎨
⎪⎩
1 if c < 2 and ν < 2− c,
1
(1−|ξ |2)ν if c = 2 and ν ∈ (0,1),
1
(1−|ξ |2)c−2+ν c > 2 and ν ∈ (0,1).
Also,
2| J2| 1
d(c)
∫
Bn
(
1− |w|2)2∣∣(∇ P (Kzμ)(w))∣∣∣∣(∇ K˜ cξ )(w)∣∣dν(w)
 C
∫
Bn
log
(
2
1− |w|2
)
(1− |w|2)2|(∇ P (Kzμ)(w))|
log( 2
1−|w|2 )
1
|1− (w · ξ)|n+2+c dν(w)
 C
∥∥P (Kzμ)∥∥LB
∫
Bn
1
log( 2
1−|w|2 )
1− |w|2
|1− (w · ξ)|n+2+c dν(w)
 d′(c)C(r)S(μ)
∫
Bn
1
log( 2
1−|w|2 )
1− |w|2
|1− (w · ξ)|n+2+c dν(w). (28)
The latter inequality comes from Corollary 4.6. There exists s ∈ (0,1) such that 1
log( 2
1−|w|2 )
<  whenever s < |w| < 1. We ﬁx
such an s. Then the integral in (28) equals{ ∫
sBn
+
∫
Bn\sBn
}
1
log( 2
1−|w|2 )
1− |w|2
|1− (w · ξ)|n+2+c dν(w) Cs +
C
(1− |ξ |2)c
with Cs = 1(log2)(1−s)n+2+c . This implies
| J2| d′cC(r)S(μ)
{
Cs + C
(1− |ξ |2)c
}
.
In a similar manner, we obtain the same estimate for J3. Putting this together we get that for  > 0, there exists an s ∈ (0,1)
such that
II C
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(1+ Cs + C(1−|ξ |2)c )(1− |ξ |2)c if c < 2 and ν < 2− c,
( 1
(1−|ξ |2)ν + Cs + C(1−|ξ |2)c )(1− |ξ |2)c if c = 2 and ν ∈ (0,1),
( 1
(1−|ξ |2)c−2+ν + Cs + C(1−|ξ |2)c )(1− |ξ |2)c c > 2 and ν ∈ (0,1),
where C = C(c, r, ν)S(μ)‖h‖A∞(φ) .
Combining these estimates when |ξ | → 1− we see that |II| → 0. 
Corollary 5.3. Let μ be a positive measure on Bn such that the Toeplitz operator Tμ is bounded on L1a and let c > 0. The following
three assertions are equivalent:
1. The Toeplitz operator Tμ is compact on L1a ;
2. The following estimate holds:
lim
ζ→∂Bn
∥∥Tμk˜cζ∥∥1 = 0;
3. For every  > 0, there exists R ∈ (0,1) such that∫
R|z|<1
∣∣(Tμk˜cζ )(z)∣∣dν(z) < 
for every ζ ∈ Bn.
360 D. Agbor / J. Math. Anal. Appl. 388 (2012) 344–360Proof. The Toeplitz operator Tμ is bounded on L1a . It follows from Corollary 4.5 that μ is a Carleson measure for Bergman
spaces. The proof of the equivalence 1 ⇔ 2 follows from a direct application of Theorem 1.5. The equivalence 1 ⇔ 3 is
a direct application of Theorem 1.2. 
Corollary 5.4. There is no other compact operator T f , on L
1
a , with f ∈ L1a , than 0.
By duality, the compactness of T f is equivalent to “ f is a compact multiplier of B
∞”. The latter was shown in [6] to be
equivalent to f is identically zero in the case n = 1.
Proof of Corollary 5.4. If T f is bounded on L
1
a then by Zhu [15], f is bounded and by Theorem 1.5 the compactness of T f
on L1a is equivalent to ‖T f k˜cξ‖1 → 0 as ξ → ∂Bn , for c > 0. Let c = 1. Then (6) with z = 0 and Lemma 2.4 gives(
1− |ξ |2)∣∣D1( f )(ξ)∣∣→ 0 as ξ → ∂Bn. (29)
By observing that D1 = I + (n+ 2)∑ni=1 zi ∂∂zi we have for some absolute constant C and for all ξ, z ∈ Bn∣∣∣∣ f (ξ)(1− (ξ · z))n+3
∣∣∣∣ C
∣∣∣∣D1
{
f
(1− (· · z))n+2
}
(ξ)
∣∣∣∣+ C
∣∣∣∣ D1( f )(ξ)(1− (ξ · z))n+2
∣∣∣∣. (30)
Multiplying (30) by (1 − |ξ |2)(1 − |z|2)n+2 and then using (6), Lemma 2.4, together with (29) we have, taking z = ξ , that
| f (ξ)| → 0 as ξ → ∂Bn . That is f ≡ 0. 
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